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Abstract
We study the energy functional on the set of Lagrangian tori in CP 2 . We prove that the
value of the energy functional on a certain family of Hamiltonian minimal Lagrangian tori
in CP 2 is strictly larger than energy of the Clifford torus.
1 Introduction
As remarked in [1], one can naturally associate a 2D periodic Schro¨dinger operator with every
Lagrangian torus in CP 2 . More precisely, any Lagrangian torus Σ ⊂ CP 2 with induced metric
ds2 = 2ev(x,y)(dx2 + dy2) (1)
is the image of the composition of mappings
r : R2 → S5 H−→ CP 2,
where r is a horizontal lift, H is the Hopf projection. The vector-function r satisfies the
Schro¨dinger equation
Lr = 0, L = (∂x − iβx
2
)2 + (∂y − iβy
2
)2 + V (x, y), V = 4ev +
1
4
(β2x + β
2
y) +
i
2
∆β,
where β is the Lagrangian angle (see the definition below).
The existence of operator L allows us to introduce the energy functional E on the set of
Lagrangian tori in CP 2 (see [2])
E(Σ) =
1
2
∫
Σ
V dx ∧ dy.
As shown in [2] the energy functional admits following geometric interpretation
E(Σ) = A(Σ) +
1
8
W (Σ), A(Σ) =
∫
Σ
dσ, W (Σ) =
∫
Σ
|H|2 dσ,
where dσ = 2evdx ∧ dy is the induced area element, H is the mean curvature vector field.
For the Clifford torus ΣCl which is defined by the vector-function
r(x, y) =
( 1√
3
e2piix,
1√
3
e2pii(−
1
2
x+
√
3y
2
),
1√
3
e2pii(−
1
2
x−
√
3y
2
)
)
,
energy equals
E(ΣCl) =
4pi2
3
√
3
.
Following conjecture was proposed in [2].
1
Conjecture 1. The minimum of the energy functional is attained on the Clifford torus.
Conjecture 1 has been verified for two families of Hamiltonian minimal Lagrangian tori: for
homogeneous tori and for tori constructed in [3].
A homogeneous torus Σr1,r2,r3 ⊂ CP 2, r21 + r22 + r23 = 1, ri > 0 is defined by the vector-
function
r(x, y) =
(
r1e
2piix, r2e
2pii(a1x+b1y), r3e
2pii(a2x+b2y)
)
,
with some restrictions on ai, bi . Following inequality holds
E(Σr1,r2,r3) =
pi2(1− r21)(1− r22)(1 − r23)
2r1r2r3
>
4pi2
3
√
3
,
and equality is attained only for the Clifford torus.
The second family of tori Σm,n,k ⊂ CP 2,m, n, k ∈ Z,m > n > 0, k < 0 is of form H(Σ˜m,n,k)
where
Σ˜m,n,k =
{
(u1e
2piimy, u2e
2piiny, u3e
2piiky)
}
⊂ S5,
the numbers u1, u2, u3 satisfy the equation
u21 + u
2
2 + u
2
3 = 1, mu
2
1 + nu
2
2 + ku
2
3 = 0.
The parameters m,n, k should be chosen so that the involution
(u1, u2, u3) −→ (u1cos(mpi), u2cos(npi), u3cos(kpi))
on the surface mu21 + nu
2
2 + ku
2
3 = 0 preserves its orientation (otherwise H(Σ˜m,n,k) is homeo-
morphic to Klein bottle, see [3]). Following inequality is proved in [2]
E(Σm,n,k) > E(ΣCl).
In the case of minimal Lagrangian tori the function v(x, y) satisfies the Tzizeica equation (see
[5]). Smooth periodic solutions of this equation are finite-gap, i.e. can be expressed in terms of
the theta-function on the Jacobian variety of the spectral curve. The results of [6] imply the
conjecture for minimal Lagrangian tori corresponding to spectral curve of sufficiently high genus.
One should note that for embedded Lagrangian tori with non-trivial Floer cohomology one
can derive lower bounds for the area functional. For instance, following inequality holds for any
Lagrangian torus Σ Hamiltonian isotopic to the Clifford torus [4]
A(Σ) >
3
pi
E(ΣCl).
It is unclear at present whether one can derive symplectic-topological bounds for the Willmore
functional. This seems to be related to the question whether every monotone Lagrangian torus
in CP 2 is Hamiltonian isotopic to a minimal torus.
The aim of the present work is to verify the conjecture 1 for the family of Hamiltonian
minimal Lagrangian tori constructed in [5] (also see [7]).
Let α1, α2, α3 ∈ Z, b = −α1−α2−α3, c = α1α2+α1α3+α2α3, c1 = −α1α2α3 , a1 > a2 > 0
be some real numbers satisfying the inequalities (4), (5) (see below). Following theorem has been
proved in [5].
Theorem 1. The mapping ψ : R2 → CP 2 defined by the formula
ψ(x, y) =
(
F1(x)e
i(G1(x)+α1y) : F2(x)e
i(G2(x)+α2y) : F3(x)e
i(G3(x)+α3y)
)
,
2
is a conformal Hamiltonian minimal Lagrangian immersion, where
Fi =
√
2ev + αi+1αi+2
(αi − αi+1)(αi − αi+2) , Gi = αi
∫ x
0
c2 − aev
2αiev − c1 dz,
2ev(x) = a1
(
1− a1 − a2
a1
sn2
(
x
√
a1 + a3,
a1 − a2
a1 + a3
))
(2)
(index i runs modulo 3), sn(x) is the Jacobi’s elliptic function, c2 is a real root of (3),
a3 =
c21+c
2
2
a1a2
.
Moreover, if the rationality constraints (8) are met, ψ is a doubly periodic mapping and the
image of the plane is a Hamiltonian minimal Lagrangian torus ΣM ⊂ CP 2 .
The principal result of the present work is following theorem.
Theorem 2. The inequality
E(ΣM ) > E(ΣCl)
holds if α1 − α3, α2 − α3 are relatively prime.
The theorem 2 thus confirms the conjecture 1.
2 The proof of the theorem 2
Lagrangianity of Σ , horizontality of the mapping r : R2 → S5 and the form of the induced
metric (1) imply
R =


r
rx
|rx|
ry
|ry|

 ∈ U(3).
The Lagrangian angle β(x, y) is defined by the equation eiβ = detR . The mean curvature
vector field can be expressed in terms of the Lagrangian angle H = J∇β where J is the
complex structure on CP 2 . For minimal tori β = const . As demonstrated in [8] in the case of
Hamiltonian minimal tori β is a linear function in the conformal coordinates x, y .
Let us consider the Hamiltonian minimal immersion ψ [5] defined in the theorem 2.
The equation
(a1 − a2)2x4 + 2(a31a22 + a21a32 + (a21a2 + a1a22)bc1 + (a21 + a22)c21 + 2a21a22c)x2+
+((a1 + a2)c
2
1 − a21a22 + a1a2bc1)2 = 0. (3)
has a real root x = c2 iff following inequalities are satisfied
P = a31a
2
2 + a
2
1a
3
2 + (a
2
1a2 + a1a
2
2)bc1 + (a
2
1 + a
2
2)c
2
1 + 2a
2
1a
2
2c 6 0, (4)
P 2 − (a1 − a2)2((a1 + a2)c21 − a21a22 + a1a2bc1)2 > 0. (5)
Recall that sn(u, k) = sin θ where
u(θ) =
∫ θ
0
dφ√
1− k2sin2φ
. (6)
3
The function sn2(u) is periodic with period 2u(pi2 ) (see, for instance, [9]). Therefore v(x) has
period
T =
2u
(
pi
2
)
√
a1 + a3
. (7)
Further we assume that (α1 − α3, α2 − α3) = 1 .
The immersion ψ : R2 → CP 2 is doubly periodic if there exists τ ∈ R such that
λ1 =
G1(T )−G3(T ) + (α1 − α3)τ
2pi
, λ2 =
G2(T )−G3(T ) + (α2 − α3)τ
2pi
∈ Q. (8)
Then the vectors of period can be expressed as follows
e1 = (0, 2pi), e2 = N(T, τ),
where N is some natural number. If the condition (8) is met, ΣM ⊂ CP 2 is an immersed torus
with Lagrangian angle β = ax+ by where
a =
bc1 + a1a3 + a2a3 − a1a2
c2
.
Following equality holds
|H|2 = 1
2
e−v(a2 + b2).
Let us find lower bounds for W (ΣM) and A(ΣM ) .
Using (7) and a3 > 0 we arrive at the inequalities
u(
pi
2
) >
pi
2
, T >
pi√
a1 + a3
.
Thus
W (ΣM ) =
∫
ΣM
|H|2 dσ =
∫
Λ
1
2
e−v(a2 + b2)2ev dx ∧ dy = 2piNT (a2 + b2).
Therefore, following lower bound for W (ΣM) holds
W (ΣM) > 2pi
2 a
2 + b2√
a1 + a3
. (9)
Following lemma provides a lower bound for A(ΣM ) .
Lemma 1. The inequality
A(ΣM ) > pi
2 a1 + a2√
a1 + a3
is true.
Proof of the lemma 1. We have
A(ΣM ) =
∫
ΣM
dσ =
∫
Λ
2ev(x) dx ∧ dy = 2pi
∫ NT
0
2ev(x)dx > 2pi
∫ T
0
2ev(x) dx =
= 2pi
∫ T
0
a1
(
1− a1 − a2
a1
sn2
(
x
√
a1 + a3,
a1 − a2
a1 + a3
))
dx =
=
2pia1√
a1 + a3
∫ 2u(pi
2
)
0
(
1− a1 − a2
a1
sn2
(
u,
a1 − a2
a1 + a3
))
du.
4
Using (6) we arrive at
∫ T
0
2ev(x) dx =
a1√
a1 + a3
∫ pi
0
1− a1−a2
a1
sin2θ√
1−
(
a1−a2
a1+a3
)2
sin2θ
dθ.
As 0 < a1−a2
a1+a3
< 1 , following estimate is true
∫ T
0
2ev(x)dx >
a1√
a1 + a3
∫ pi
0
(
1− a1 − a2
a1
sin2θ
)
dθ =
pi(a1 + a2)
2
√
a1 + a3
.
Lemma 1 is proved.
The inequalities (4), (5) are invariant under simultaneous change of sign α1, α2, α3 and their
permutations. If α1, α2, α3 are all of the same sign, the inequality (4) has no positive solutions.
Therefore we assume without loss of generality that α1 > α2 > 0 > α3 .
Lemma 2. If α1 > α2 > 0 > α3 a1 > a2 > 0 , the inequalities ( 4) and ( 5) are satisfied
simultaneously iff
−α2α3 6 a2 < a1 6 −α1α3. (10)
Proof of the lemma 2. Denote
Q(x) = −(x+ α1α2)(x+ α1α3)(x+ α2α3).
Then (3) assumes the form
(a1 − a2)2

x2 −
(
a1
√
Q(a2)− a2
√
Q(a1)
a1 − a2
)2

x2 −
(
a1
√
Q(a2) + a2
√
Q(a1)
a1 − a2
)2 = 0.
This equation has a positive root iff Q(a1) > 0, Q(a2) > 0 . This is equivalent to −α2α3 6 a2 <
a1 6 −α1α3. Lemma 2 is proved.
It follows from the proof of the lemma 2 that if α3 = 0 or α1 = α2 inequalities (4), (5) are
not satisfied for a1 > a2 . Therefore we assume without loss of generality
α1 > α2 > 0 > α3. (11)
The inequality (9) and lemma 1 imply
E(ΣM ) > pi
2a1 + a2 +
a2+b2
4√
a1 + a3
.
Let us prove E(ΣM ) > E(ΣCl) . We will consider two cases: α2 > 0 and α2 = 0 .
Assume α2 > 0 .
If (a1 + a2)a3 >
7
4(a1a2 − bc1) then
a2 =
((a1 + a2)a3 − (a1a2 − bc1))2
c22
>
9
49
(a1+a2)
2a
2
3
c22
=
9
49
(a1+a2)
2 a3
a1a2
c21 + c
2
2
c22
>
9
49
(a1+a2)
2 a3
a1a2
.
As a1 > a2 > 1 (a1 + a2)
2 > 4a1a2 we have
E(ΣM ) > pi
2
a1 + a2 +
9(a1+a2)2a3
196a1a2√
a1 + a3
> pi2
a1 +
9a3
49√
a1 + a3
= pi2
√
a1
1 + 9a349a1√
1 + a3
a1
> pi2
1 + 9a349a1√
1 + a3
a1
.
5
Note that for positive x we have
1+ 9x
49√
1+x
> 4
3
√
3
holds. Consequently, E(ΣM ) > E(ΣCl) .
Now consider the case
(a1 + a2)a3 <
7
4
(a1a2 − bc1).
We analyse two cases: α1 > −32α2α3 and α1 6 −32α2α3 .
If α1 > −32α2α3 then
α1 < −3b = 3(α1 + α2 + α3),
as α1 > −32(α2 + α3) . From (10)
− bc1
a1 + a2
=
bα1α2α3
a1 + a2
<
b(3b)α2α3
2α2α3
=
3
2
b2.
Hence
E(ΣM ) > pi
2a1 + a2 +
b2
4√
a1 + a3
> pi2
a1 + a2 +
b2
4√
a1 +
7
4
a1a2
a1+a2
− 74 bc1a1+a2
> pi2
a1 + a2 +
b2
4√
a1 +
7
4a2 +
21
8 b
2
>
> pi2
a1 + a2 +
b2
4√
7
4a1 +
7
4a2 +
21
8 b
2
= pi2
√
4(a1 + a2)
7
1 + b
2
4(a1+a2)√
1 + 32
b2
a1+a2
> pi2
√
8
7
1 + b
2
4(a1+a2)√
1 + 32
b2
a1+a2
> E(ΣCl).
The last inequality can be seen by considering the function f(x) =
√
8
7
1+x
4√
1+ 3
2
x
for x > 0 .
If α1 6 −32α2α3 , the inequalities (10) and (11) imply
−bc1 6 −2α21α2α3 <
9
2
a1a
2
2.
Therefore
E(ΣM ) > pi
2 a1 + a2√
a1 +
7
4
a1a2−bc1
a1+a2
= pi2
(a1 + a2)
√
a1 + a2√
a1(a1 + a2) +
7
4a1a2 − 74bc1
>
> pi2
(a1 + a2)
√
a1 + a2√
a21 +
11
4 a1a2 +
63
8 a1a
2
2
> pi2
(a1 + a2)
√
a1 + a2√
a31 +
11
4 a
2
1a2 +
63
8 a1a
2
2
= pi2
(1 + a2
a1
)
√
1 + a2
a1√
1 + 114
a2
a1
+ 638
a22
a21
> E(ΣCl).
Let us consider the case α2 = 0 . Introduce p = −α1α3 , x = a1p , y = a2p . Note that
0 < y < x 6 1 due to (11). Then inequalities (4), (5) assume following form
p5x2y2(x+ y − 2) 6 0, 4p10x4y4(1− x)(1− y) > 0.
The equation (3) implies
c22 = p
3x2y2
2− x− y ±
√
(2− x− y)2 − (x− y)2
(x− y)2 . (12)
As 2− x− y > 0 we have
√
(2− x− y)2 − (x− y)2 = (2− x− y)
√
1− (x−y)2
(2−x−y)2 . Note that by
Bernoulli inequality
1− (x− y)
2
(2− x− y)2 6
√
1− (x− y)
2
(2− x− y)2 6 1−
(x− y)2
2(2 − x− y)2 .
6
Consequently,
2− x− y − (x− y)
2
2− x− y 6
√
(2− x− y)2 − (x− y)2 6 2− x− y − (x− y)
2
2(2− x− y) . (13)
Consider two cases: sign ’+’ and ’-’ in (12). For the ’-’ sign (12) and (13) imply the inequalities
p3
x2y2
2(2− x− y) 6 c
2
2 6 p
3 x
2y2
2− x− y .
As c1 = 0 we have following bound for a3
a3 =
c22
a1a2
, p
xy
2(2− x− y) 6 a3 6 p
xy
2− x− y .
These estimates and lemma 1 imply
A(ΣM ) > pi
2√p x+ y√
x+ xy2−x−y
.
Following inequality holds
a =
(a1 + a2)a3 − a1a2
c2
>
(xp+ yp)p xy2(2−x−y) − xyp2
c2
>
√
p
(
x+ y
2(2− x− y) − 1
)√
2− x− y.
The estimate (9) implies
W (ΣM ) > 2pi
2 a
2
√
a1 + a3
> 2pi2
√
p
(
x+ y
2(2− x− y) − 1
)2 2− x− y√
x+ xy2−x−y
.
Henceforth
E(ΣM ) > pi
2√p

 x+ y√
x+ xy2−x−y
+
1
4
(
x+ y
2(2− x− y) − 1
)2 2− x− y√
x+ xy2−x−y

 .
As p > 1 we have
E(ΣM ) > pi
2B1(x, y), B1(x, y) =
16− 7x2 + 8x− 14yx+ 8y − 7y2
16
√
(2− x)(2− x− y)x .
Lemma 3. If 0 < y < x 6 1 , then B1(x, y) > 1 .
Proof of the lemma 3. One can check by direct computation that there are no critical points
∂xB1 = ∂yB1 = 0 inside the triangle 0 < y < x 6 1 while on the boundary of the triangle
B1(x, y) > 1 holds. Lemma 3 is proved.
Therefore, E(ΣM ) > E(ΣCl) holds for the ’-’ sign in (12).
For the ’+’ sign in (12) (13) implies the inequalities
p3f(x, y) 6 c22 6 p
3g(x, y),
where
f(x, y) = x2y2
2(2− x− y)− (x−y)22−x−y
(x− y)2 , g(x, y) = x
2y2
2(2 − x− y)− (x−y)22(2−x−y)
(x− y)2 .
7
Analogously one establishes the inequalities
p
f(x, y)
xy
6 a3 6 p
g(x, y)
xy
,
a >
√
p
(x+ y)f(x,y)
xy
− xy√
g(x, y)
.
The inequality (9) and lemma 1 imply
A(ΣM ) > pi
2√p x+ y√
x+ g(x,y)
xy
,
W (ΣM) > 2pi
2 a
2
√
a1 + a3
> 2pi2
√
p
((x+ y)f(x,y)
xy
− xy)2
g(x, y)
√
x+ g(x,y)
xy
,
E(ΣM ) > pi
2√p
x+ y + 14
((x+y) f(x,y)
xy
−xy)2
g(x,y)√
x+ g(x,y)
xy
> pi2B2(x, y),
B2(x, y) =
x+ y + 14
((x+y)
f(x,y)
xy
−xy)2
g(x,y)√
x+ g(x,y)
xy
.
The following lemma is established similarly to the lemma 3.
Lemma 4. If 0 < y < x 6 1 , then B1(x, y) > 0.9 .
This finishes the proof of the theorem 2.
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